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Óäèðòãàë. Áèä Ýéëåðèéí ζ(2k), ýíä k = 1, 2, 3, . . . . øèíý áàòàëãààã òîëè-
ëóóëæ áàéíà. Áàòàëãàà åðä°° Áåðíóëûí îëîí ãèø³³íò, õóðààãääàã öóâàà,
èíòåãðàë àøèãëàñàí.

1. Çàðèì íýã õýðýãòýé Ôàêòóóä

Áèäíèé áàòëàõûã õ³ñýæ áóé ³ð ä³í áîë

ζ(2k) :=

∞∑
n=1

1

n2k
=

(−1)k−122k−1π2k

(2k)!
B2k, k = 1, 2, 3, . . . , (1)

ýíä Bk íü k äóãààð Áåðíóëûí òîî. Ýíý ³ð ä³íã àíõ Ýéëåð 1740 îíä áàòàëñàí.

1.1. Áåðíóëûí îëîí ãèø³³íò. Bk(t) -ã Áåðíóëûí îëîí ãèø³³íò ãýíý. Óã
îëîí ãèø³³íò äàðààõ ÷àíàðóóäòàé.

xext

ex − 1
=

∞∑
k=0

Bk(t)
xk

k!
,

áà ýíäýýñ øóóä

B0(t) = 1, B′k(t) = kBk−1(t), k ≥ 1, (2)

ãýæ ì°ðä°í°. Ì°í ∫ 1

0

Bk(t) dt = 0, k ≥ 1. (3)

Äàðàà õýðýã áîëîõ ³³äíýýñ Áåðíóëûí îëîí ãèø³³íòèéí ýõíèé õýäýí ãèø³³-
íèéã õàðóóëüÿ.

B0(t) = 1, B1(t) = t− 1

2
, B2(t) = t2 − t+ 1

6
.

Áåðíóëûí òîîã Bk = Bk(0) èíãýæ òîäîðõîéëîîä , (2) áîëîí (3) -ààñ k ≥ 2 õóâüä
Bk(0) = Bk(1) èéì áàéäãèéã õàðæ áîëíî. Öààøèëáàë èíäóêöýýð

Bk(1− t) = (−1)kBk(t), k ≥ 0

áîëíî. Ýíäýýñ
B2k(1) = B2k(0) = B2k, k ≥ 0,

B2k+1(1) = B2k+1(0) = 0, k ≥ 1.
(4)
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áîëíî.

2. ζ(2k) -èéã òîîöîîëîõ íü

2.1. Íýãýí èíòåãðàë. Äàðààõ èíòåãðàëûã àâ÷ ³çüå.

I(k,m) :=

∫ 1

0

B2k(t) cos(mπt) dt, k ≥ 0, m ≥ 1.

m ≥ 1 õóâüä I(0,m) = 0 áîëíî.k ≥ 1 õóâüä 2 óäàà õýñýã÷èëæ (2)-ã àøèãëàâàë

I(k,m) =
1

mπ

[
B2k(t) sin(mπt)

]t=1

t=0
− 2k

mπ

∫ 1

0

B2k−1(t) sin(mπt) dt

=
2k

m2π2

[
B2k−1(t) cos(mπt)

]t=1

t=0
− 2k(2k − 1)

m2π2
I(k − 1,m),

áîëíî. çàðèì íýã òóõàéí òîõèîëäîëóóäûã ñîíèðõâîë

I(1,m) =

∫ 1

0

(
t2 − t+ 1

6

)
cos(mπt) dt =

0, m = 1, 3, 5, . . . ,
2

m2π2
, m = 2, 4, 6, . . .

áà (4)-°°ð äàðààõ ðåêêóðåíò õàðüöàà áèåëíý.

I(k,m) = −2k(2k − 1)

m2π2
I(k − 1,m), k ≥ 2.

Ýíäýýñ

I(k,m) =

0, m = 1, 3, 5, . . . ,

(−1)k−1(2k)!
m2kπ2k

, m = 2, 4, 6, . . . .
(5)

áîëîõûã õàðæ áîëíî.
Îäîî B∗k(t) = Bk(t) − Bk(0) = Bk(t) − Bk, ãýõ ìýò, ãýæ òýìäýãëýýä äàðààõ

èíòåãðàëûã àâ÷ ³çüå.

I∗(k,m) :=

∫ 1

0

B∗2k(t) cos(mπt) dt =

∫ 1

0

(B2k(t)−B2k) cos(mπt) dt

áà ýíý íü á³³ð I(k,m) òýíö³³, ÿàãààä ãýâýë
∫ 1

0
cos(mπt) dt á³õýë m > 0 íèé

õóâüä òýã. Ýíäýýñ áýõëýãäñýí k ≥ 1 õóâüä (5) äýýã³³ð m-ýýð íèéëáýð÷èëáýë

(−1)k−1(2k)!
22kπ2k

ζ(2k) =
(−1)k−1(2k)!

π2k

∞∑
m=1

1

(2m)2k
=

∞∑
m=1

I∗(k, 2m) =

∞∑
m=1

I∗(k,m).

áîëíî.

2.2. Õóðààõ çàëü. Äàðààõ àäèëòãàë èëýðõèé.

cos(mx) =
sin( 2m+1

2 x)− sin( 2m−12 x)

2 sin(x2 )
. (6)
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�³íèéã àøèãëààä

(−1)k−1(2k)!
22kπ2k

ζ(2k) =

∞∑
m=1

∫ 1

0

B∗2k(t) cos(mπt) dt

= lim
N→∞

N∑
m=1

(∫ 1

0

B∗2k(t)
sin( 2m+1

2 πt)

2 sin(πt2 )
dt−

∫ 1

0

B∗2k(t)
sin( 2m−12 πt)

2 sin(πt2 )
dt

)

=

(
lim
N→∞

∫ 1

0

B∗2k(t)
sin( 2N+1

2 πt)

2 sin(πt2 )
dt

)
− 1

2

∫ 1

0

B∗2k(t) dt.

ãàðãàæ àâàõ áà (3)-ã àøèãëàâàë òýð õàñàãäàæ áàéãàà í°õ°ðèéí óòãà

1

2

∫ 1

0

B∗2k(t) dt =
1

2

∫ 1

0

(B2k(t)−B2k) dt = −
B2k

2
.

áîëíî. Îäîî áèä ýõíèé õÿçãààðûí óòãà 0 ãýäãèéã õàðóóëíà. �³íèé òóëä

f(t) =
B∗2k(t)

2 sin(πt2 )
, t ∈ (0, 1],

ãýæ òýìäýãëýå. Ì°í (2N + 1)π/2 èéã R ýýð òýìäýãëýýä õýñýã÷èëáýë∫ 1

0

f(t) sin(Rt) dt = −cos(R)

R
f(1) +

1

R
f(0) +

∫ 1

0

f ′(t)
cos(Rt)

R
dt.

áîëíî. f ′(t) çààãëàãäñàí ãýäãýýñ R→∞ áàéõ ³åä äýýðõ íèéëáýð 0 óðóó òýì³³ë-
íý. Ýíäýýñ

(−1)k−1(2k)!
22kπ2k

ζ(2k) =
B2k

2
,

áîëæ áàòëàãäàâ.
Ýíý °ã³³ëýë 2015 5 ñàðûí "The American Mathematical Monthly "ñýòã³³ëä

õýâëýãäñýí. ( Vol. 122, No. 5 (May 2015), 444-451 )


	1.     
	1.1.   

	2.  (2k) -   
	2.1.  
	2.2.  


